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Analytical solutions were obtained for the virtual mass coefficient (CV) of a growing
and collapsing bubble controlled by the following causes: thermal diffusion and mass
diffusion. Expressions were derived for CV of bubble growth and collapse controlled by
thermal diffusion, at high and low Jakob numbers. The solutions were validated by their
asymptotic approach to the limit of the constant volume bubble as well as to the limit of
the single growing bubble in a system of two growing bubbles. Some avenues for future
research were pointed out. © 2006 American Institute of Chemical Engineers AIChE J, 52:
2013–2019, 2006
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Introduction

Studies of bubble growth rates are important in the fields of
boiling, flash evaporation, and cavitation. Vapor bubbles are
formed in boiling, flashing, and cavitation. In all cases, bubbles
experience acceleration during growth or deceleration during
collapse due to their increase or decrease in size.

Basically, there are three different mechanisms that control
the rate of growth of a bubble. These mechanisms are referred
to as inertia-controlled, thermal diffusion-controlled, and mass
diffusion-controlled growth. Theoretical studies of the thermal
diffusion-controlled growth of a vapor bubble in a uniformly
superheated liquid have been reported earlier by Plesset and
Zwick,1 Forster and Zuber,2 Scriven,3 and Bankoff4. All the
results agree that the bubble grows as a function proportional to
the square root of time. Theoretical correlation for a bubble
growth in a uniformly superheated liquid, applicable for the
entire range of the growth curve (including inertia-controlled
and diffusion-controlled growth, respectively) was developed
by Mikic et al.5

The prediction of bubble rise, drag, heat, and mass transfer
rates becomes much more complex when the motion is un-
steady, in which case it is necessary to introduce the impulse,
virtual, or “added” mass explicitly into the equation of motion.

The momentum of this mass results from the acceleration or
deceleration imparted to the liquid around the growing or
collapsing bubble in the flow field.

Wallis6 stated that if a bubble changes its shape, its virtual
mass changes. Accordingly, Kendoush7 derived an expression
for the virtual mass of the spherical-cap bubble. Askovic8

derived a potential flow equation for the simultaneously accel-
erating and growing bubble. He considered the virtual mass
effects in the equation of motion by taking the classical value
of half for the virtual mass coefficient.

The significant contribution to the understanding of thermo-
hydrodynamics of the growing and collapsing bubble derives
from two careful analytical and numerical studies by Professor
Jacques Magnaudet and his colleagues at the Institute de
Mécanique des fluids de Toulouse.9,10 These articles considered
all possible forces encountered during growing and collapsing
bubbles, namely, viscous, virtual mass, buoyancy, and history.

Ohl, Tijink, and Prosperettti11 performed elegant experi-
ments to explore the effects of the impulse on an expanding
bubble. They found that the value of 1⁄2 for the CV gave a good
fit to their experimental data. This article will be discussed
later. The collapse of a vapor bubble is commonly encountered
when the bubble rises in subcooled liquid or in a high pressure
region. This phenomenon is familiar in many applications, such
as surface boiling, direct heating of liquid with vapor, car-
ryunder of bubbles in circulation loops, vapor suppression, and
so on.

Prosperetti12 appreciated the existence of the added mass
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coefficient for the radius-changing bubble in the general struc-
ture of the momentum equation of gas-liquid flow, but without
specifying the type of the coefficient. Kim13 derived expres-
sions for CV of a bubble moving through a pipe by using
potential flow theory. The derived CV were functions of the
bubble diameter.

A recent publication in this field 14 stated, “Surveying pre-
vious work as outlined above reveals that a full understanding
of the mechanisms that govern bubble growth has not been
reached.”

The analysis of the momentum due to the added mass of a
growing or collapsing bubble is rather difficult by the fact that
knowledge of these concepts is limited. It is the purpose of this
article to throw additional light on this problem.

Theoretical Analysis of the Virtual Mass

The velocity potential of a growing or collapsing spherical
bubble of radius a(t), where t represents time, when its center
moves with an instantaneous velocity U in a straight line is
given as follows15:

� � �
a2ȧ

r
�

1

2
U

a3

r2 cos � (1)

where ȧ is written for da/dt, which is the time rate of increase
of bubble radius and � is the angle between the radius vector r
and the direction of motion. The positive sign in Eq. 1 is for
bubble growth and the negative sign is for bubble collapse.
Batchelor16 stated that the radial acceleration of the growing
bubble produces an irrotational velocity distribution.

The total kinetic energy of the fluid, of density �f, surround-
ing the growing bubble is given by the following17:
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where S denotes the surface area of the spherical bubble. The
surface dS of an elementary region about the “� � 0” line
through the bubble is given by the product of its perimeter 2�a
sin � and width ad�. Substituting Eq. 1 and its derivative into
Eq. 2 and performing the integration yields

KE � ��a3�2(ȧ)2 �
1

3
U2� (3)

As ȧ 3 0, we recover the expression 1/3��fa
3U2 of the

constant volume single spherical bubble (see Milne-Thom-
son,18).

If we put KE � (1/2)MU2, then the virtual mass of the
growing bubble becomes the following:

M � 2��fa
3�2(ȧ)2

U2 �
1

3� (4)

which represents the mass of the fluid moving with a velocity
U that has the same kinetic energy as the unbounded fluid
around the growing bubble. The virtual mass coefficient could

be obtained straightforwardly as follows: Manipulating the
right side of Eq. 4 yields:
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This procedure was adopted by Lamb17 and Milne-Thomson18;
hence, we get:

M � mCV (6)

where m is the mass of the fluid displaced by the growing
spherical bubble; therefore,

CV �
3�ȧ�2

U2 �
1

2
(7)

This is a new equation that has not been reported before. As
ȧ 3 0, CV given by this equation reduces to 1⁄2, the classical
value for a spherical bubble with constant size. This is a
general equation that can be applied to bubble growth con-
trolled by either thermal diffusion or mass diffusion. For ther-
mal diffusion-controlled growth and at high Jakob numbers
(that is, Ja � 16), Riznic et al.19 recommended the following
equation for the bubble growth under the following assump-
tions:

● moving boundary during phase change.
● neglecting effects of inertia and of surface tension.
● time dependent interface temperature.

a � �Ja� t�

3 �
1/ 2

(8)

Jakob number is defined as ( Ja � �fc�T/�ghfg) where c is the
specific heat, �T is the superheat, �g is the saturated vapor
density, hfg is the latent heat of vaporization, and � is the
thermal diffusivity. The differentiation of Eq. 8 gives

da

dt
�

�

2
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3t�
1/ 2

(9)

Substituting Eq. 9 into Eq. 7 yields

CV �
��Ja�2

4Pe�t�	
�

1

2
(10)

as the virtual mass coefficient for a growing bubble at high
Jakob number. Here the Peclet number is (Pe(t) � 2a(t)U/�),
which characterizes the importance of convective heat transfer
due to bubble translation relative to conduction and 	 �
tU/ 2a(t) is the dimensionless time.

For low Ja (that is, Ja � 1), Riznic et al.19 proposed the
following equation:

a � �2�Jat�1/ 2 (11)
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Differentiating this equation and substituting it into Eq. 7
gives

CV �
3Ja

2Pe�t�	
�

1

2
(12)

as the virtual mass coefficient for a growing bubble at low Ja.
The collapse is the final stage of the bubble lifetime. Bubbles

originate by a process called nucleation, then they grow in size,
and finally they collapse when the local hydrodynamic pressure
forces become high in comparison to the pressure inside the
bubble.

Consider the rise of a collapsing bubble through liquid. The
equation of the heat-transfer controlled collapse is given by
Florschuetz and Chao20 as follows:

a � ao 
 2Ja� t�

� � 1/ 2

(13)

Here a0 is the equilibrium radius of the bubble at uniform
superheating. This equation was derived from solving Ray-
leigh’s equation, the energy equation, and the continuity equa-
tion of vapor inside the bubble. The solution was approximated
using the following assumptions:

● heat transfer dominates the collapse
● inertia effects were deleted from Rayleigh’s equation
● spherical symmetry collapse in an incompressible liquid.
The differentiation of Eq. 13 gives the following:

da
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�t�
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(14)

Substituting Eq. 14 into Eq. 7 yields
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�Pe�t�	
�
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2
(15)

as a virtual mass coefficient of a collapsing bubble.
Note that the negative sign in Eq. 1 gives the same results for

the kinetic energy and CV as those of the bubble growth.
Carefully designed experiments need to be performed in the
future for the purpose of measuring the virtual mass coeffi-
cients of a growing or collapsing bubble given by Eqs. 10, 12,
and 15. These experiments should be akin to those of Stelson
and Mavis21 and Iverson and Balent22.

The New Equation of Motion of the Growing
Bubble

Assume a spherical bubble growing and accelerating recti-
linearly in an infinite, quiescent, and superheated liquid. The
unsteady motion of the growing bubble is subjected to the
following forces:

● Buoyancy force FB due to density difference.
● Drag force FD on the surface of the bubble.
● The impulse due to the virtual mass of the bubble.
The equation of motion can thus be written as follows:

d

dt
	�mb � M�U
 � FB 
 FD (16)

where
mb � mass of the bubble � (4/3)�a3�g

FD � 4�a�f�U �
2

U �da

dt �
2�

The above equation is derived in the Appendix and will be
discussed later.

FB � �4/3��a3g��f 
 �g�

Substituting Eq. 6 into Eq. 16, performing the differentia-
tion, and rearranging yields the following equation:
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This is a general equation of motion that could be applied to
bubble growth by thermal and mass diffusion. We shall con-
sider the case of the bubble growth by thermal diffusion at low
Ja.

The twice differentiation of Eq. 11 gives

d2a

dt2 � �
1

2 ��Ja

2 �1/ 2

t�3/ 2 (18)

The drag force on a growing bubble at low Ja is given by
Kendoush23 as follows:

FD � 4��f�2�Jat�1/ 2�U �
�Ja

tU � (19)

Substituting Eq. 11, its first derivative, and Eqs. 18 and 19
into Eq. 17, dividing throughout by 2�a2(�Jat)1/ 2, and rear-
ranging yields the following equation:
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3
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(20)

This is a nonlinear ordinary differential equation of motion
of the growing bubble at low Ja. In a similar method to that
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used before, the equation of motion of the growing bubble at
high Ja becomes the following:

dU

dt �2�g
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Validation and Discussion

The analyses below are for validating the present results and
for deriving a new expression for the virtual mass of a growing
bubble within a system of two bubbles rising along their line of
centers. Oguz and Prosperetti24 derived the following velocity
potential for two growing bubbles moving in the direction of
their line of centers as shown in Figure 1:

�1 � A �
B

r
� Cr cos � �

E cos �

r2 (22)

where

A � �
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The kinetic energy of the fluid surrounding bubble 1 is given by
Eq. 2 and, when we differentiated Eq. 22 and substituted it into
Eq. 2, we obtained the following expression for the kinetic
energy:
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where

F � � ȧ2
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Applying the previous method of solution to get the virtual
mass of bubble 1 in the presence of bubble 2, it follows that:
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Accordingly, the virtual mass coefficient of bubble 1 becomes
the following:
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As L3�, we recover the derived Eq. 7 of the solitary growing
bubble.

For validating the present results, a comparison was made
with the experimental data of Darby,25 who measured bubble
growth and trajectories relative to a nucleation site using boil-
ing water and Freon-113 as working fluids. Uniform superheat
was maintained by infrared heating. Darby’s experimental con-
ditions are well suited for comparison with the low Ja results of
the present theory. The comparison is shown in Kendoush,23

where a good agreement was obtained between the present
solution of the equation of motion (Eq. 20) and the experimen-
tal data of Darby.25 In Figures 7 and 8 of Kendoush,23 the
bubble trajectory was plotted against time at Ja � 4.8 and 6.8,
respectively.

Unrealistic solutions were obtained when we tried to use the
following parameters in the numerical solution of the equation
of motion (Eq. 16):

(i) Steady drag force (that is, FD � 12�a�fU which
corresponds to CD � 48/Re).

(ii) Virtual mass coefficient of 1⁄2.
The classical solution (CV � 1/2) must be applicable with a
reasonable accuracy to growing or collapsing bubbles, as far as
�ȧ� �� U.

Takahashi et al.26 performed experiments for the measure-
ments of the virtual mass coefficient and found it to vary
inversely with the Re. This is in agreement with the present
theoretical results, but comparison was not possible as they
measured the virtual mass coefficient of an oscillating spherical
particle in fluid. Note that Pe in Eqs. 10, 12, and 15 is the
product of Re times the Prandtl number.

Figure 1. Two growing bubbles moving in line.
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Ohl, Tijink, and Prosperettti11 performed experiments where
they injected an air bubble into a pressurized water column and
watched the bubble growth during depressurization. They var-
ied CV from 0.4 to 0.6 in a trial to fit the experimental data. The
following is a comparison between the present theoretical
results and the experimental data of Ohl et al.11 that were
considered as a mass diffusion–controlled bubble growth. The
depressurization of their experimental system produced elastic
waves propagating along the test column. This induced a large
acceleration in the liquid (about 1.5 ms�2) and caused a slight
reduction in the column diameter. The liquid velocity UL was
included into the equation of motion as follows:

d

dt
	�mb � M��U 
 UL�
 � FB 
 FD �

4

3
�a3�f

dUL

dt
(26)

Data were presented in their Figure 12 that enabled the esti-
mation of the liquid velocity. The data were fitted to the
following polynomial function:

UL � 3.11 � 109t9 
 2.175 � 109t8 � 6.393 � 108t7


 1.024 � 108t6 � 0.966 � 105t5 
 5.427 � 105t4


 1.743 � 104t3 
 288t2 � 1.56 � 10�5 (27)

A prefactor of 0.8 was multiplied by this equation taking into
account the diameter of the column and the position of the
column wall displacement. UL in Eq. 27 is in units of m/s and
time is in seconds.

The mass of the bubble mb was neglected during the inte-
gration of Eq. 26 as was done by Ohl et al.11 Considering a
relative velocity U � UL into Eq. 5 and substituting FD of Eq.
16 into Eq. 26 yields the following:
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This equation was further simplified to give the following:
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The radius of the bubble was obtained from the experimental
data of Figure 4 of Ohl et al. These data were fitted to the
following function:

a � 0.000514 exp�4.5669t� (30)

The dimensions of a are in meters and that of t is in seconds.
Equations 27 and 30 and their time derivatives were substituted
into Eq. 29, which has been transformed into a bubble trajec-
tory equation as before. The new trajectory equation was
solved numerically with the following initial conditions:

at t � 0 U � dS/dt � 0.12 m/s
at t � 0 S � 0.15 m
The results of the above analyses are shown in Figure 2,

where the agreement is remarkable at the start of the bubble
travel but a divergence is noticed towards the end of it. The
main reason of this divergence was the departure of the grow-
ing bubble from the spherical shape, as was stated by Ohl et al.
on page 729: “As revealed by the photos, the bubble remains
essentially spherical until the middle of the expansion, but then
it acquires a clear oblate shape.” It should be noted that the
time domain of the solution of Eq. 29 was restricted to the time
from t � 0 to t � 0.08 s. The bubble radius remains almost
constant at t � 0.08 s, as shown in their Figure 2.

As a suggestion for future work, it is desirable to verify
experimentally the derived Eqs. 10, 12, and 15 of the virtual
mass coefficients of the growing bubble at various Ja numbers.

The importance of the present results justifies the modest
mathematical elaboration encountered during the derivation of
CV. The utilization of these results in evaluating the parameters
of the thermal hydraulics consequences that result from the
hypothetical loss of coolant accident in light water cooled and
moderated nuclear reactors, would facilitate calculations by
advanced computer codes like RELAP and RETRAN.

Conclusion

New equations have been derived in this article showing the
effects of virtual mass forces on a growing or collapsing
bubble. The present analytical results compared well with the
available experimental results and theoretical solutions of var-
ious investigators.

It was found that the virtual mass coefficient of the time-
dependent radius of the growing or collapsing bubble varies
according to the following:

● It increases with the increase in Jakob number.
● It decreases with the increase in the dimensionless time.
● It decreases with the increase in the instantaneous Pe

number.

Figure 2. A comparison of air bubble trajectory of Ohl et
al.’s experiments with the present solution.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Notation

a � bubble radius
CD � drag coefficient

c � specific heat
CV � virtual mass coefficient
FB � buoyancy force
FD � drag force

L � distance between centers of two bubbles
g � gravitational acceleration

hfg � latent heat of evaporation
Ja � Jakob number (�fc�T/�ghfg)
KE � kinetic energy
mb � mass of bubble
M � virtual mass of bubble
Pe � Pèclet number (2aU/�)
Pr � Prandtl number (�c/k)
r � polar coordinate

Re � Reynolds number (2a�fU/�f)
t � time

to � bubble departure time
U � bubble velocity
Vr � velocity component in r coordinate

Greek letters

� � thermal diffusivity
�T � temperature excess over boiling point (Tf � Tsat)

� � angular coordinate
� � density
� � absolute viscosity
	 � dimensionless time
� � velocity potential

Subscripts

f � liquid
g � vapor
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Appendix: Derivation of the Drag Force on the
Growing Bubble

Assume that the fluid is incompressible, neglect the bound-
ary layer separation at the bubble surface, assume that the
bubble maintains a spherical shape during growth, and assume
that the flow is laminar with spherical symmetry.

The growing vapor bubble is rising with an instantaneous
velocity U assuming potential flow and the velocity potential
on the growing bubble is given by Milne-Thomson18 and
Batchelor16 as follows:

� � �1 � �2 (A1)

where

�1 �
1

2
Ua3

cos �

r2

and

�2 � �
a2

r

da

dt
.

The radial component of the velocity is given by the follow-
ing:
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Vr � �
��

�r
� U cos ��a

r�
3


 �a

r�
2 da
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(A2)

The total rate of viscous dissipation is given by Taylor15 and
utilized by Kendoush27 as follows:

E �
1

2 �
0

�

�f� �

�r
(Vr)

2�
r�a

2�a2sin �d� (A3)

Substituting Eq. A2 into Eq. A3 and completing the integra-
tion leads to the following:

E � �4�a�f�U2 � 2�da

dt�
2� (A4)

The drag force FD over the surface of the growing bubble is
given as:

FD � E/U � �4�a�f�U �
2

U �da

dt�
2� (A5)

The negative sign is normally neglected in this equation. The
first term on the right side of this equation represents the drag
force due to the viscous effects of the rising bubble, and the

second term represents the drag force due to bubble growth that
arises from the momentum associated with the radial flow of
liquid surrounding the growing bubble. This is a new equation
that has not been reported before. The drag coefficient of the
growing bubble may be defined as follows:

CD �
FD

0.5�fU
2�a2 (A6)

Substituting Eq. A5 into Eq. A6 gives:

CD �
16

Re �1 �
2

U2 �da

dt�
2� (A7)

As the growth component of this equation, that is, da/dt 3
0, this equation reduces to that given by Kang and Leal28 (that
is, CD � 16/Re). This drag is entirely due to pressure forces on
a fixed radius bubble. This drag, together with the viscous drag
derived by Moore29 (that is, CD � 32/Re), constitutes the total
drag of Moore30 (that is, CD � 48/Re). This distribution of the
drag on the surfaces of a fixed radius bubble was also appre-
ciated by Legendre et al.9 It should be noted that the CD �
16/Re is originally credited to Hadamard and Rybczynski as an
equation for the drag coefficient of a single bubble at Re ��
1.0.
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